This work is devoted to the proposal of a new flux limiter that makes the algebraic flux correction finite element scheme linearity and positivity preserving on general simplicial meshes. Minimal assumptions on the limiter are given in order to guarantee the validity of the discrete maximum principle, and then a precise definition of it is proposed and analyzed. Numerical results for convection-diffusion problems confirm the theory.
Introduction
The numerical stability of a convection-diffusion equation is, for the most part, due to the presence of the diffusion term. Then, when convection dominates diffusion, it is natural to expect that instabilities appear in the numerical solution. These satisfying the DMP on general meshes.
Another important property that is often requested to numerical discretizations is the so-called linearity preservation. This property requests that the modification added to the formulation vanishes if the solution is a first-order polynomial (at least locally). This restriction, which can be interpreted as a weak consistency requirement, is believed to lead to improved accuracy in smooth regions. In fact, in previous works, linearity preservation has been linked to good convergence properties for diffusion problems (see, e.g., Refs. 20, 30) . Even if this is a requirement that may seem natural, this condition has been proposed in a very heuristic manner. As a matter of fact, in many works the proposed method has been claimed to be linearity preserving, but a proof of this fact is just hinted, or even lacking. In addition, although this property, so far, has not been proved mathematically to be a sufficient, or even a necessary, condition for good numerical behavior, it has been observed in different works (see, e.g., Ref. 12 , and, especially, the introduction in Ref. 15 for a discussion), that linearity preservation improves the quality of the numerical solution on distorted meshes.
Based on the above considerations, our main objective in this work is to propose a definition of the limiters in an AFC method for a convection-diffusion-reaction equation that achieves two main goals: satisfaction of the DMP and linearity preservation, both on general simplicial meshes. To achieve this, we write down the main requirements to be satisfied by the limiters, and proceed to modify the algorithm proposed in Ref. 28 in such a way that these two properties are valid on general meshes. More precisely, the limiters from Ref. 28 are modified with factors that depend on the geometry of the elements that share a given node of the triangulation. Hence, this approach introduces explicit geometric information about the mesh into the algorithm.
Numerical studies will support the analytical results. In addition they show that the numerical solutions obtained with the new limiter possess further desirable properties compared with the solutions computed with the limiter from Ref. 25 , which is considered to be a method of choice: there is an optimal convergence on distorted meshes in the diffusion-dominated regime and a sharper layer is obtained in a standard test problem for the convection-dominated case.
It is worth mentioning that methods of AFC type we have found in the literature do not satisfy the objectives of our paper in the required generality. For example, the techniques of Ref. 28 , used as a basis for our method, are proved to be linearity preserving only on symmetric meshes as we discuss in Remark 6.3 below. The method recently presented in Ref. 5 has been proved to preserve the DMP only for meshes that satisfy the condition of Xu & Zikatanov 32 , and this condition is sharp when the diffusion dominates. The linearity preservation of this method is again restricted to symmetric meshes. An alternative making the method linearity preserving for more general meshes requires solving an optimization problem for each interior node of the mesh, thus making the method more involved. Very recently, another monotone and linearity preserving method was proposed in Ref. 2 for conservation laws. However, it is not clear whether the DMP still holds when this method is applied to a convection-diffusion-reaction equation, which is our problem of interest. Moreover, the authors of Ref. 2 propose to use a regularization strategy to make the method twice differentiable and hence suitable for applying Newton's method but then the linearity preservation property is lost. Thus, up to our best knowledge, the method presented in this paper is the first method that satisfies both the DMP and linearity preservation on general simplicial meshes, when the equation under consideration is a convection-diffusion-reaction equation. In particular, as a special result, a monotone and linearity preserving discretization of the Poisson equation on general simplicial meshes is obtained.
The rest of the paper is organized as follows. In Sec. 2, AFC schemes are presented in their most general form. Then, the minimal requirements on the limiter in order to satisfy the DMP are laid down in Sec. 3. Our concrete proposal for the limiter is given in Sec. 4. Sec. 5 is devoted to the application of the AFC scheme to the convection-diffusion-reaction equation and its analysis. The final ingredient in the definition of the limiter, namely, the computation of the multiplicative factor introduced in order to make the method linearity preserving, is presented in Sec. 6. Finally, some numerical results supporting our claims are given in Sec. 7.
An Algebraic Flux Correction Scheme
Consider a linear boundary value problem for which the maximum principle holds. Let us discretize this problem by the finite element method. Then, the discrete solution can be represented by a vector U ∈ R N of its coefficients with respect to a basis of the respective finite element space. Let us assume that the last N − M components of U (0 < M < N ) correspond to nodes where Dirichlet boundary conditions are prescribed whereas the first M components of U are computed using the finite element discretization of the underlying partial differential equation. Then U ≡ (u 1 , . . . , u N ) satisfies a system of linear equations of the form
1)
We assume that the matrix (a ij ) M i,j=1 is positive definite, i.e.,
To introduce an algebraic flux correction scheme, we first extend the matrix of (2.1) to a matrix A = (a ij ) N i,j=1 . For example, one can simply use the finite element matrix corresponding to the above-mentioned finite element discretization in the case when homogeneous natural boundary conditions are used instead of the Dirichlet ones. We shall consider this matrix with the following modification:
This reduces the amount of artificial diffusion introduced by the matrix D defined next.
Using the matrix A = (a ij )
This definition guarantees that the matrixÃ := A + D has positive diagonal entries and non-positive off-diagonal entries. If, in addition, 6) then the matrixÃ satisfies sufficient conditions to preserve the discrete maximum principle. Note that the property (2.6) is usually satisfied by finite element discretizations of elliptic equations arising in applications. Going back to the solution of (2.1), this system is equivalent to
Since the row sums of the matrix D vanish, it follows that
where
The idea of the algebraic flux correction scheme is to limit those anti-diffusive fluxes f ij that would otherwise cause spurious oscillations. To this end, system (2.1) (or, equivalently, (2.7)) is replaced by
with solution-dependent correction factors α ij ∈ [0, 1]. For α ij = 1, the original system (2.1) is recovered. Hence, intuitively, the coefficients α ij should be as close to 1 as possible to limit the modifications of the original problem. So far, these coefficients have been chosen in various ways, and their definition is always based on the above fluxes f ij , see Refs. 24, 25, 26, 27, 28 for examples. To guarantee that the resulting scheme is conservative, and to be able to show existence of solutions, one should require that the coefficients α ij are symmetric, i.e.,
Rewriting the equation (2.8) using the definition of the matrixÃ, one obtains the following expression for the algebraic flux correction scheme:
10)
The following theorem states sufficient conditions on the limiters α ij assuring the solvability of the nonlinear discrete problem (2.10), (2.11). Our proposal for such limiters will be given in Sec. 4. 
The Discrete Maximum Principle
As it was mentioned in the introduction, the main motivation of AFC schemes is to respect the DMP. In this section, we state some minimal assumptions on the limiters α ij in order to satisfy this property.
Given i ∈ {1, . . . , M }, the discrete maximum principle will be formulated locally, with respect to an index set S i ⊂ {1, . . . , N }. We assume that
The proof of the discrete maximum principle requires only that {α ij d ij } j∈Si vanish if u i is a strict local extremum. More precisely, we assume that, for any i ∈ {1, . . . , M } and any U = (u 1 , . . . , u N ) ∈ R N , the limiters α ij satisfy
2) The matrix A will be supposed to satisfy (2.6) . Then the only assumption on A for proving the local discrete maximum principle at i ∈ {1, . . . , M } will be that there exists j ∈ {1, . . . , N }, j = i :
Note that the diagonal entry a ii can be arbitrary. The condition (3.3) is typically satisfied, in particular, by the matrix associated to a finite element discretization of the convection-diffusion equation (see Lemma 5.1 and Remark 5.2 below for details). If (3.3) does not hold but 
If A i > 0, one has
Consequently, if (3.3) holds or A i > 0, one has
where u
Proof. Since d ij = 0 for any i ∈ {1, . . . , M } and j ∈ S i ∪ {i}, the equation (2.10) can be written in the form
Consider any i ∈ {1, . . . , M } and let g i ≤ 0 and u i ≥ 0. Let us assume that u i > u j for all j ∈ S i . Then (3.11) and (3.2) imply that
Hence the left-hand side of (3.12) is strictly positive, which is a contradiction. If A i > 0 and u i > 0, then (3.12) implies that g i ≥ A i u i > 0. This is, again, a contradiction. Therefore, there is j ∈ S i such that u i ≤ u j , which proves (3.5) and (3.7). The statements (3.6) and (3.8) follow in an analogous way. Finally, (3.9) and (3.10) are immediate consequences of the preceding statements.
Assuming equality instead of inequality in (2.6), the following stronger result can be proved. 
Proof. The proof from the previous result can be applied, with the minor difference that, since A i = 0, the restriction on the sign of u i is not needed.
Definition of α ij
Last section imposed minimal conditions that the limiter α ij used in (2.10) should satisfy in order to guarantee the discrete maximum principle. In this section we design a limiter that fulfills those hypotheses. Additionally, we are interested in proposing a limiter that makes the method linearity preserving on general simplicial meshes. Our proposal is related to the one from Ref. 28 which is, however, not proved to be linearity preserving on general meshes, see Remark 6.3. The main difference between our proposal and the one from Ref. 28 is the definition of the constant γ i below, which will be later derived to impose linearity preservation on general simplicial meshes. We shall show that it provides limiters that guarantee the solvability of (2.10), (2.11), and the validity of the discrete maximum principle.
First, for any i ∈ {1, . . . , M }, we set
where S i is an index set satisfying (3.1) and γ i > 0 is a fixed constant, whose value will be defined later (see (6.5) in Theorem 6.1). Furthermore, for any i ∈ {1, . . . , M }, we set
and we define
respectively. Finally, we set
and define
The symmetry condition (2.9) is guaranteed by the last step of this algorithm.
The following result shows that the above limiter satisfies (3.2). Then, the resulting method respects the discrete maximum principle, independently of the geometry of the mesh, provided A satisfies (2.6) and at least one of the conditions (3.3) and (3.4) for any i ∈ {1, . . . , M }. Proof. Consider any i ∈ {1, . . . , M } and In addition to the last lemma, the following result states that the limiter α ij satisfies the continuity conditions from Theorem 2.1, and hence problem (2.10), (2.11) has a solution. Its proof is very similar to Lemma 4.1 in Ref. 7 , and then we give an abridged form of it for completeness.
Proof. Consider any i ∈ {1, . . . , M }, j ∈ {1, . . . , N }. Let us first investigate the continuity of α ij . It suffices to consider the case α ij ≡ 1 (and hence d ij = 0 and
Since u i > u j , there is a neighborhood of U where the denominator of the above expression does not vanish, and then the function α ij is continuous in U . Now, if u j > u i , by the same arguments one can deduce that α ij is continuous in U . Thus, if u i = u j , then α ij , and therefore φ ij , is continuous in
Then, φ ij (V ) → φ ij (U ) if V → U and φ ij is continuous in U . This finishes the proof.
We finish this section by making some comments on the choice of the factors γ i used in (4.1). First, the proof of the discrete maximum principle is independent of their values, and then, it can be applied for choices other than the one introduced in this paper, e.g., the ones from Ref. 28 . Once this is said, the actual value of γ i has two main impacts in the performance of the AFC scheme. First, if chosen appropriately (as it will be done in Sec. 6 below), then it can be proved that the resulting scheme is linearity preserving on general simplicial meshes. Second, it influences the amount of artificial diffusion added by the AFC term to the original system (2.1). If γ i 's are increased, then more limiters α ij will be equal to 1 and hence less artificial diffusion will be added. If γ i 's are decreased, then more limiters α ij will be smaller than 1 and hence more artificial diffusion will be added. Thus, to reduce smearing of approximate solutions represented by the values u 1 , . . . , u N , large values of γ i 's are convenient. The downside of this is that, for large values of γ i 's, the limiters α ij (u 1 , . . . , u N ) change very rapidly near local extrema in u i and hence the numerical solution of the nonlinear algebraic problem becomes more involved.
The AFC Scheme for Convection-Diffusion-Reaction Equations
Let
, be a bounded polyhedral domain with Lipschitz boundary. Let us consider the steady-state convection-diffusion-reaction equation
where ε ∈ (0, ε 0 ) with ε 0 < +∞ is a constant, and
(Ω), and u b ∈ H 1 2 (∂Ω) ∩ C(∂Ω) are given functions satisfying
where σ 0 is a constant. The weak solution of (5.1) is a function u ∈ H 1 (Ω) such that u = u b on ∂Ω and
Here we adopt the usual notation for Sobolev spaces. In particular, (·, ·) denotes the inner product in Let T h belong to a regular family of triangulations of Ω consisting of simplices. We introduce the finite element spaces
consisting of continuous piecewise linear functions. From now on, we denote by x 1 , . . . , x N the vertices of the triangulation T h and assume that x 1 , . . . , x M ∈ Ω and x M +1 , . . . , x N ∈ ∂Ω. Furthermore, we denote by ϕ 1 , . . . , ϕ N the usual basis functions of W h , i.e., we assume that ϕ i (x j ) = δ ij , i, j = 1, . . . , N , where δ ij is the Kronecker symbol. Then the functions ϕ 1 , . . . , ϕ M form a basis in V h . Now, an approximate solution of the variational problem (5.2) can be introduced as the solution of the following finite-dimensional problem:
We denote The artificial diffusion matrix D = (d ij ) N i,j=1 is defined using (2.5). We introduce the nonlinear form
). Then the corresponding flux correction scheme (2.10), (2.11) can be rewritten as the following variational problem:
Since the limiters α ij defined in the last section satisfy the assumptions of Theorem 2.1, and the bilinear form a is elliptic, then the problem (5.8) has a solution.
A natural (solution dependent) norm on V h corresponding to the left-hand side of (5.8) is defined by
Assuming that u ∈ H 2 (Ω) and following completely analogous steps as the ones from Sec. 7 in Ref. 7 it follows that, if σ 0 > 0, the following error bound holds
where C > 0 is independent of u, h, and ε, and i h u stands for the Lagrange interpolate of u. For the last term in (5.9), using the proof of Lemma 7.3 from Ref. 7 , it follows that
10) where C is independent of h and the data of problem (5.1). This result shows that the error u − u h h will tend to zero as long as the product |d ij | |x i − x j | 2−d tends to zero. This implies that the method will converge as long as the matrix A tends to be an M -matrix, and this speed of convergence is fast enough to compensate for the negative power of h arising from |x i − x j | 2−d in the three-dimensional case. Hence, it is natural to expect that the convergence properties of the method will vary according to the geometry of the mesh. In particular, for the convection-dominated regime, an O(h 1/2 ) estimate of u−u h h can be shown irrespectively of the geometry of the mesh. On the contrary, for the diffusion-dominated regime, the convergence rates will vary dramatically depending on the geometrical properties of the mesh (see Ref. 7 for details). This was illustrated numerically in Ref. 7 for the limiter defined in Ref. 25 . In some particular cases a better than expected convergence was observed, but the theoretical justification of this fact, which requires a more refined estimation of d h (u h ; i h u, i h u) for particular limiters, does not seem to be an easy task, and it will be the subject of our future research.
The above results are valid for any limiters α ij satisfying the assumptions of Sec. 2 (resp. of Theorem 2.1) and hence, in particular, for the limiter from Sec. 4. To apply this limiter, we have to specify the sets S i satisfying (3.1). The simplest possibility is to use S i = {j ∈ {1, . . . , N } \ {i} : x i and x j are end points of the same edge} , (5.11) where i = 1, . . . , M . This definition of S i was used in the computations reported in Sec. 7. To finish the definition of α ij , we have to define the factors γ i used in (4.1). This will be done in the following section.
Remark 5.1. Usually, results on the discrete maximum principle like in Theorems 3.1 and 3.2 are proved for Delaunay meshes with respect to sets S i = {j ∈ {1, . . . , N } \ {i} : a ij = 0}. For c = 0, this definition and the set used in (3.1) coincide in Delaunay meshes. Indeed, for such a mesh, the validity of a ji > 0 in (3.1) implies that a ij = 0 since a ij + a ji = 2 ε (∇ϕ i , ∇ϕ j ) ≤ 0. Whenever c > 0, then both definitions no longer coincide, the set induced by (3.1) can be larger, and hence the final result is slightly weaker. The stronger assumption (3.1) is made in order to guarantee our results to be valid on arbitrary meshes.
We close this section by showing that the matrix A defined above satisfies the assumptions made on it to prove the discrete maximum principle. Proof. The validity of (2.6) follows immediately from the property N j=1 ϕ j = 1 and the nonnegativity of c. Consider any i ∈ {1, . . . , M }. If A i = 0, then there is j ∈ {1, . . . , N }, j = i, with a ij < 0 since a ii ≥ ε |ϕ i | Under this assumption, then the modification (2.4) is not used for the matrix entries in (5.13), and the original matrix remains unchanged. Hence, in view of the second inequality in (5.13), one has
which is in contradiction with (5.12).
Remark 5.2. According to the previous lemma, the validity of (3.3) is not guaranteed if the convection term does not contribute to the i-th row of the matrix A. Although this cannot be excluded, it is a rather exceptional situation and hence 
Linearity Preservation
Let us consider the limiter from Sec. 4 with the sets S i defined in (5.11) . In this section we finish the definition of this limiter by specifying the parameters γ i that make it possible to prove that the resulting scheme is linearity preserving on general simplicial meshes. We recall that x 1 , . . . , x N stand for the vertices of T h , and that x 1 , . . . , x M ∈ Ω. We shall show that the factors γ i in (4.1) can be defined in such a way that
Then the AFC scheme (2.10), (2.11) will be linearity preserving. Let us consider any function u ∈ P 1 (R d ) and set u i = u(x i ), i = 1, . . . , N . Then, if one wants to satisfy (6.1), one needs Sufficient conditions for (6.2) are the inequalities
Note that it suffices to find γ i such that
since then the second inequality in (6.3) follows from (6.4) by changing the sign of u. Thus, the validity of (6.4) assures that the AFC scheme (2.10), (2.11) based on the limiter from Sec. 4 is linearity preserving.
To discuss the validity of (6.4), it is convenient to introduce the patch ∆ i = supp ϕ i for any interior vertex x i of the triangulation T h . Thus, ∆ i is a patch consisting of simplices T ∈ T h sharing the vertex x i , see are attained at vertices lying on ∂∆ i . If the patch ∆ i is symmetric with respect to the vertex x i (like the first three patches from the left in Fig. 1 ), then the inequality (6.4) holds with γ i = 1 as the following lemma shows.
Lemma 6.1. Let ∆ i be symmetric with respect to x i . Then
Proof. Let us assume that u i − u
There exists a vertex x j ∈ ∂∆ i such that u max i = u j . Furthermore, due to the symmetry of ∆ i , there is a vertex x k ∈ ∂∆ i such that (x j + x k )/2 = x i . Then u j + u k = 2 u i and hence
, which is a contradiction. Analogously, it can be shown that u i − u 
Then the inequalities (6.4) hold and hence the AFC scheme (2.10), (2.11) with the limiter from Sec. 4 is linearity preserving.
Proof. For simplicity, we shall present the proof for d = 2. For d = 3 one can proceed analogously. Consider a patch ∆ i and let u ∈ P 1 (R 2 ) be any nonconstant linear function. Let p be the line in the direction of ∇u containing the vertex x i . Then there are uniquely determined points A, B ∈ p such that u(A) = u . Let q A and q B be lines orthogonal to p intersecting the line p at the points A and B, respectively, see Fig. 2 . Since u is constant along lines perpendicular to p, the patch ∆ i is contained in the strip between the lines q A and q B . Consequently, each of these lines intersects ∆ i only at points on ∂∆ i comprising at least one vertex. Moreover, any such vertex lies on the boundary of the convex hull ∆ conv i . To find a constant γ i for which the inequality (6.4) holds, we have to estimate the ratio
Since q A contains a vertex x k lying on ∂∆ conv i , one has
On the other hand, if T B is a triangle whose vertices are x i and two consecutive vertices on ∂∆ conv i such that the half-line x i B intersects T B (see Fig. 2 ), then
where E B is the edge of T B opposite x i . Consequently,
which gives (6.5).
Remark 6.1. For the patches in Fig. 1 , the formula (6.5) gives the values 2, √ 2, √ 2, 2, and 2, respectively (from the left to the right). Since the first three patches from the left are symmetric, Lemma 6.1 shows that the formula (6.5) is not optimal in general. The last two patches in Fig. 1 are nonsymmetric 
− u i ). Thus, for these two patches, the formula (6.5) gives the optimal values.
This possible lack of optimality arises from the fact that we have used the worst case scenario, this is, when the extrema of the function u are attained at the vertices closest to, and furthest away from, x i , to derive the formula (6.5). This reasoning on the worst case scenario is adapted to three space dimensions in a straightforward way.
Remark 6.2. Let us briefly mention the computation of the denominator in (6.5). First, any vertex x j ∈ ∂∆ i is shifted in the direction of the edge x i x j on the boundary of the convex hull ∆ conv i . Then one goes through all simplices T forming ∆ conv i and, denoting by E the edge (or face) of T opposite x i , one computes dist(x i , E). This is particularly easy in the two-dimensional case: If T possesses an obtuse angle at an end point of E, say P , then dist(x i , E) = |x i −P |. If both angles of T at the end points of E are not obtuse, then dist(x i , E) = 2 |T |/|E|. In the three-dimensional case, the computation of dist(x i , E) is more involved. Nevertheless, one can replace it by 3 |T |/|E| ≤ dist(x i , E) (and possibly increase the value of γ i ). Another possibility is to replace dist(x i , ∂∆ conv i ) by the smallest diameter of inscribed balls of simplices forming ∆ conv i . Remark 6.3. As already mentioned, the limiter proposed in this paper is related to a method presented in Ref. 28 . Although the methods of Ref. 28 are claimed to be linearity preserving, it turns out that the respective proofs are not correct for general meshes. The reason is that they rely on the validity of the inequality
for any u ∈ P 1 (R d ) and j ∈ S i (with S i defined in (5.11)), where
To prove (6.6), one uses the fact that m i ∇u = k c ik u k = k c ik (u k − u i ) and u i − u j = ∇u · (x i − x j ), which leads to If the patch ∆ i is symmetric with respect to
− u i for any k ∈ S i due to Lemma 6.1 and hence (6.7) implies (6.6). On the other hand, for nonsymmetric patches, the inequality |u k − u i | ≤ u max i − u i may be violated. Therefore, in general, (6.6) does not hold, as one can see from the following counterexample. Let us consider the patch ∆ i depicted in Fig. 3 consisting of four right-angled triangles such that the vertices x 1 , x 2 , x 3 have the same distance h from x i whereas the distance of
− u i ) h/h and hence (6.6) may hold with j = 2 only if h ≤ 3 h . We finish this section by stating that the definition of the limiter presented in this work introduces explicit geometric information about the mesh into the method. This is not the standard way of defining the limiters (as the usual definitions use only the matrix entries and the solution values), and is different from the one used in Ref. 28 , but it has been proved to be of fundamental importance to ensure linearity preservation on general meshes.
Numerical Studies
The numerical studies will illustrate the properties of the AFC scheme (2.10), (2.11) with the limiter proposed in Sec. 4 for the convection-diffusion-reaction equation from Sec. 5. If not specified otherwise, the parameters γ i from (4.1) are defined by the formula (6.5). In addition, the results will be compared with those obtained with the limiter from Ref. 25 . The limiter from Ref. 25 can be considered as kind of standard limiter for algebraic stabilizations of steady-state convection-diffusionreaction equations so far.
For the sake of brevity, only results computed on a distorted mesh, see Fig. 4 (left), will be presented in detail. The mesh was constructed starting from the Delaunay mesh depicted in Fig. 4 (right) by shifting interior nodes to the right by half of the horizontal mesh width on each even horizontal mesh line. Therefore, for the most diagonal edges, the sum of the two angles opposite the edge is greater than 5π/4 and hence the mesh is not of Delaunay type. We shall characterize the meshes by the number of edges ne along one horizontal (or equally vertical) mesh line (thus, ne = 6 for both meshes in Fig. 4) .
Results for three examples will be presented. In the first example, the order of convergence is studied, in both the convection-dominated and diffusion-dominated regime. The second example investigates the linearity preservation property. Finally, a standard test problem with boundary layers and an interior layer is considered.
The nonlinear discrete problems were solved with a damped Newton's method. T , c = 1, u b = 0, and the right-hand side g chosen such that, for a given value of ε, u(x, y) = 100
is the solution of (5.1).
The order of convergence of the error e h := u−u h measured in various norms for the limiter proposed in Sec. 4 is presented in Table 1 for the convection-dominated case and in Table 2 for the diffusion-dominated regime. In addition, the tables show the consistency error d
1/2 , cf. the estimate (5.9). Concerning the convection-dominated case, results for the limiter from Ref. 25 on a mesh of the same type can be found in Table 6 from Ref. 7 . Comparing the results, it can be seen that for both limiters the convergence orders of e h are similar in all three norms. We could observe that this statement holds also for other meshes, in particular for more regular ones.
The situation is much different in the diffusion-dominated regime. Whereas the limiter from Sec. 4 leads to errors that decay with an optimal rate, see Table 2 , the method with the limiter from Ref. 25 does not converge at all, compare Table 10 from Ref. 7 . This favorable behavior of the new limiter seems to be important in situations where the convection field is a flow field. In this case there might be subregions of the domain in which the problem is diffusion-dominated.
We believe that the optimal convergence of the limiter proposed in Sec. 4 is connected with its linearity preservation property on general simplicial meshes. A similar behavior has been observed in Ref. 30 , where linearity preserving limiters is not yet available, and will be the topic of our future research. A further support of the above claim is given in Table 3 . Here we present results obtained with the limiter from Sec. 4 for parameters γ i defined as a quarter of the value provided by the formula (6.5). Then the method is not linearity preserving and we observe that the errors of the approximate solutions do not converge to zero. Fig. 5 and for a closer inspection also a cross-section of the two solutions is shown in Fig. 6 . The limiter proposed in Sec. 4 provides a solution which is virtually the analytical solution (the maximum error is of the order of 10 −10 , which is in accordance with the stopping criterion for the nonlinear iteration). For the limiter from Ref. 25 , the violation of the linearity preservation is clearly visible. Note that the boundary condition from Example 7.3 can be easily changed to an infinitely smooth function that coincides with u b from Example 7.3 at all boundary vertices of the mesh used for the computations presented in this section. Then Example 7.3 also formally fits into the framework considered in Sec. 5.
The solutions computed with both limiters are presented in Figs. 7 and 8. It can be observed that both definitions of the limiters provide an acceptable solution. They obey the DMP and all boundary layers are sharp. A close look at the interior layer, in particular at the bottom, shows that the layer of the solution computed with the limiter from Sec. 4 is a little bit sharper. Also, a slight smearing of the boundary layer at y = 0 is visible for the limiter from Ref. 25 .
Conclusions and Outlook
This paper proposed a new limiter for algebraic stabilizations of steady-state convection-diffusion-reaction equations within the framework of finite element methods. The main goal of the construction of the new limiter was that the resulting scheme should obey the DMP and it should possess the linearity preservation property on general simplicial meshes. Both properties could be achieved and proved. The definition of the new limiter does not only rely on algebraic data but also requires some geometric information (on the local mesh), like the limiter of Ref. 2 . We think that the enrichment of algebraic stabilizations with geometric information is in general a promising approach for designing stabilized methods. In contrast to the limiters of Refs. 2 and 5, the new limiter does not depend on any user-chosen parameter (like the exponent p in case of Refs. 2, 5) controlling the amount of numerical diffusion added to the method, which makes the present approach more practical.
The numerical studies showed an optimal order of convergence in the diffusiondominated regime, which is not present for the limiter from Ref. 25 . As already mentioned, we believe that this behavior of the new limiter is somehow connected to the linearity preservation, but the proof is open. A further topic of our future work will be the analysis, and possibly improvement, of algebraic stabilizations for time-dependent problems.
